We predict a hysteretic three-photon cyclotron resonance in narrow-gap semiconductors driven by two laser beams with their frequency difference near the cyclotron frequency. This effect is based on the Doppler and Lorentz nonlinear mechanisms and the nonparabolicity of the conduction band. A CO 2 laser intensity of 105-106 W/cm 2 at 10.6 and 9.4 ,um is required for observation of the effect at 83.03 ,um in InSb, GaAs, or HgTe.
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In previous work' by one of us it was shown that because of relativistic effects a large cyclotron motion of a free electron in vacuum can be excited by two laser beams with their frequencies much higher than a cyclotron frequency Q. The laser frequencies must differ by either Q or 2Q, which correspond to three-photon or four-photon resonance, respectively. Although these multiphoton resonances can be caused by three different mechanisms (which were identified' as the Doppler, Lorentz, and relativistic mechanisms), the excited motion always displays a hysteretic resonance based solely on the relativistic mass effect. The hysteretic resonance of a slightly relativistic electron at the main frequency was predicted by one of us 2 and subsequently observed experimentally. 3 It was also shown 2 ' 4 that the hysteretic resonance of a similar nature at the main frequency may occur in narrow-gap semiconductors owing to the pseudorelativistic properties of their conduction electrons.
In this Letter we consider the feasibility of a hysteretic three-photon resonance in narrow-gap semiconductors analogous to that of a free electron in vacuum. 1 The hysteresis is feasible because of the nonparabolicity of the semiconductor conduction band, which causes a pseudorelativistic dependence 5 ' 6 of the effective mass of the conduction electrons on their momentum or energy. The generation of a difference frequency Q = W1-W2 by using the nonparabolicity of a semiconductor by laser beams with frequencies w, and W2 has already been demonstrated in the earlier work using either spin resonance 7 or cyclotron resonance.
'
8 However, the hysteretic resonance was not observed (or looked for), which might be attributed to a laser intensity apparently insufficient for such an effect. In this Letter we show that this effect is theoretically feasible in narrow-gap semiconductors such as InSb, GaAs, and HgTe, driven by two modes of a CO 2 laser at 10.6 and 9.4 gsm such that the difference frequency corresponds to X -83 ,um, with the driving intensity being 105-106 W/cm 2 .
Following the Kane two-band model 5 with isotropic bands, the energy of the conduction electrons in nar- 
where po = m*ovo = (WGm*0/2)l/ 2 is some characteristic momentum. One can see [Eq. (2) where r is the relaxation time of the momentum, which depends on the scattering of electrons, e is the electron charge, Ho is a homogeneous dc field, and Ej and Hj are, respectively, the electric and magnetic fields of the EM waves with all frequencies wj. For plane waves Hj = E%(kj/kj X Ej), where Ej = E(Cj) is the dielectric constant at the frequency wj.
Consider now three-photon excitation (Q = co1 -w2) for the configuration when two plane waves with their respective frequencies co and W2 counterpropagate normally to Ho (e.g., along the axis x, i.e., q 1 =-q2 = ex, where ql, 2 = kl, 2 /kl, 2 1 / 2 and Q0 = eH0/m*0c] and the first-order noncyclotron momentum Pnc('), which gives rise to the second-order nonlinear force F(2). Then, from Eq. (2), the motion Pc is governed by the equation
where Fc(2) is the cyclotron component of F (2 
In this approximation, only the Doppler and Lorentz forces 1 are responsible for the nonlinear excitation.
However, once the cyclotron motion is excited, it is only the mass effect' that acts to limit the excitation and to form a hysteresis. 2 )2]-1/2, (6) where /1(3) is a dimensionless three-photon driving parameter,
E 1 E 2 2(fr/w 1 +/E/w2), (7) which differs from the equation mO and vo << c, which implies, first, that the cyclotron resonance can be observed for much higher frequencies (compared to free electrons) for the same magnetic field; for the fields currently available, it could be done in the infrared range. Second, the nonlinearity that is due to the pseudorelativistic mass effect is scaled by c/v 0 and becomes much larger than the relativistic mass effect of free electrons. Under appropriate conditions, Eq. (6) has three solutions. A smallperturbation analysis reveals that these solutions with the higher and lower magnitudes of Pc are stable, whereas the intermediate solution (see Fig. 1 
To estimate the critical laser intensity determined by expression (8), we consider three different semiconductors (InSb, GaAs, and HgTe) pumped by two lines of a CO 2 laser at wavelengths XA = 10.6 and X 2 = 9.4 ,gm with each having the same intensity (i.e., E 1 = E2), such that the difference frequency is located in a far- . 11) eV, respectively. The dielectric constants' 2 are 15.7, 10.9, and 19, respectively (we assume that the dielectric constant is the same at wl and W2 since these frequencies are close). For these three cases, we assume that the relaxation time r is roughly the same, r -10-11 sec, which was directly measured for InSb GaAs, and HgTe, respectively. Other nonlinear effects (first, the interband multiphoton processes in the case of InSb) may provide a strong competition to the nonlinear intraband processes under consideration. The analysis of the experiment and data 8 clearly shows, however, that in the required range of laser intensities, the interband twophoton and three-photon absorption could be neglected. Indeed, the critical intensity for InSb is 4.3 X 104 W/cm 2 ; this is less than the 105 W/cm 2 used in the experiment, 8 which also used nonparabolicity of the conduction band. 14 Therefore in the range of intensities S 105 W/cm 2 the intraband nonparabolic effects in InSb should dominate the interband multiphoton effects, which makes it feasible to observe pseudorelativistic hysteresis for appropriately chosen samples of InSb.
Another material, HgTe, at first glance might seem inappropriate to use since it is known as a zero-gap material with a negative energy gap.' 5 The nonparabolicity of the conduction band in HgTe, however, can still be approximated by Kane's model, whereby WG in Eq. (1) is to be interpreted 1 6 now as the minimum energy difference between valence bands r 6 and F8. Indeed, it was shown empirically' 5 that the effective mass can be expressed then as m* -m*0(1
where E is the kinetic energy of an electron, which comes exactly to Eq. (1) (for E/WG << 1). The twophoton transition between valence bands may result in the increased absorption of the pumping laser radiation, which should apparently be taken into consideration when one is designing an experiment with HgTe. The attractive feature of GaAs is the relatively high temperature (-77 K) sufficient for the experiment. In addition, GaAs does not suffer from the interband multiphoton processes since the energy gap is quite large compared with 0.1 eV, corresponding to the CO 2 laser energy. The nonparabolicity is consequently small, and therefore the laser threshold intensity is high compared with that of other materials. However, the considerable excitation-related change of the effective mass of the conduction electron has been observed in the most recent experiment. 1 A feasible perturbing mechanism in GaAs, which is a polar crystal, is the excitation of optical photons by laser radiation. The recent experiments showed, however, that the optical phonons in GaAs cannot be excited even at X 1 1,m, i.e., they do not exist for longer wavelengths, in particular, for the CO 2 laser.
Experimentally, the hysteresis of cyclotron resonance may be observed both by measuring the current or radiation at the cyclotron frequency Q and the radiation at the optical frequencies W3 = 2wa -W2 and W'4 = 2W2 -wl attributable to the four-wave mixing that is due to pseudorelativistic nonlinearity. Indeed, Eq. Fig. 1)] . Equation (5) predicts that radiation at both frequencies W3 and W4 will be polarized parallel to Ho and that the ratio of the intensity of radiation at those frequencies will be E 1 2 o 3 2 /E 2 2 Co4 2 ; the intensity of this radiation is to undergo hysteresis directly related to Pc- In conclusion, we have demonstrated the feasibility of hysteretic (bistable) three-photon resonance in narrow-gap semiconductors using two laser beams with their difference frequency near the cyclotron frequency. By using two lines of a CO 2 laser, a large hysteretic excitation may be observed in a far-infrared range. This effect may be of significant interest both for the study of highly excited Landau levels and for such applications as resonatorless optical bistability1 8 and far-infrared sources of coherent radiation.
